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I N T R O D U C T I O N 

River-basin development has become one of the largest classes of 
public enterprise in the United States. Multiple-purpose river-basin 
programs may involve power, irrigation, flood control, pollution 
control, navigation, municipal and industrial water supply, recrea-
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tion, fish and wildlife, and the conservation of soil and water on 
watershed lands. 

Almost every kind of river and watershed-improvement program 
requires some degree of alteration in the existing regimen of streams. 
The prevailing but generally erratic progression of floods and low-
water flows may be changed by the building of impounding reservoirs, 
by diversions of water for beneficial uses, by soil-conservation measures 
and in other ways. The quantity of sediment transported by the 
stream may be changed as a result of deposition in reservoirs, by 
erosion-control measures on the watershed, or by revetment of the 
stream banks. The shape and slope of the stream may be changed 
by straightening, cut-offs, and jetties. Entirely new watercourses 
may be constructed to carry water diverted for irrigation, to provide 
drainage, or to create new navigable channels. 

If a stream is flowing in an alluvial valley over a bed composed 
mainly of unconsolid ated sand or gravel, it is probable that the stream 
and its channel are essentially in equilibrium. The size and shape 
and slope are adjusted to the amount and variation of discharge and 
the supply of sediment of those sizes that make up its bed. If, then, 
some artificial change is made in the flow characteristics, sediment 
supply or shape and slope of the channel, the stream will tend to make 
adjustments to achieve a new equilibrium. It will do so by scouring 
or filling its bed, widening or narrowing its channel, increasing or 
decreasing its slope. 

One of the most difficult problems encountered in open-channel 
hydraulics is the determination of the rate of movement of bed 
material by a stream. The movement of bed material is a complex 
function of flow duration, sediment supply, and channel character-
istics. If a method is available for determining with reasonable 
accuracy the bed material movement under existing conditions, it 
would then be possible also to determine what the movement should 
be with any of these conditions altered. This would provide a 
reasonable basis for predicting what changes can be expected in a 
channel under a new set of conditions. 

Prediction of future channel changes has a very great economic 
importance in river-basin planning and development and in the 
operation and maintenance of river-basin projects. For example, if 
a large dam is constructed on an alluvial-bed river, all of the bed 
sediment normally transported will be trapped. The clear water 
released will tend to erode the channel bed downstream from the dam 
until a new equilibrium is established. Severe bed erosion may 
undermine costly installations such as bridge piers, diversion struc-
tures, sewer outlets, and bank-protection works. 

Advance knowledge of the scour expected may influence the eleva-
tion of tailwater outlets in power dams, influencing the power capacity 
of the dam to a very significant degree. On the other hand, regulation 
of the flow effected by the dam, particularly reduction in peak dis-
charges, may make it impossible for the flow further downstream to 
transport all of the bed sediment delivered to the channel by tributary 
streams. Such a condition would result in aggradation of the main 
stem, reducing its flood-carrying capacity and adversely affecting 
other developments on and along the stream. 
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Differential reduction of peak flows and bed sediment supply by 
watershed treatment measures—say 20-percent reduction in the former 
and 70-percent reduction in the latter—might initiate a cycle of 
damaging channel erosion in headwater tributaries and even down into 
main streams. If a channel is now aggrading, reduction in bed-
sediment supply without proportional reduction in stream flow may 
be beneficial. If the channel is degrading, reduction in peak flows 
with less control of the sediment supply may be helpful. Except in 
areas where streams generally flow in rock-bound channels, the 
problems of bed-load movement and channel stability are almost 
universally present. Often they are critical if not deciding factors 
in not only the design and maintenance of works of improvement, but 
even of their feasibility. 

This publication does not attempt to give the specific solutions for 
all sediment problems in alluvial channels. It attempts only to 
provide a tool which the writer hopes is sufficiently general to apply 
to a large number of such problems. This tool is the bed-load func-
tion. The equation for the bed-load function of an alluvial channel 
permits calculation of the rates of transport for various sediment sizes 
found in the bed of a channel which is in equilibrium. These equi-
librium rates will be shown to be functions of the flow discharge. 

The significance of these equilibrium rates becomes apparent when 
one recognizes that they must have prevailed for a long time in order 
to develop the existing channels. By application of the bed-load 
function to an existing channel, it is possible to estimate the rate 
of bed-sediment supply. On the other hand, the same method may 
be used to determine the interdependent effects of changes of the 
channel shape, of the sediment supply, and of the flows in the channel. 

With the bed-sediment transportation rate a function of the dis-
charge, it is clear that the long-term transport, that is, the average 
annual transport, can be predicted only if the long-term flow rates 
can be predicted. It will be shown that most sediment problems can 
be solved satisfactorily if at least the flow-duration curve is known. 
This fact emphasizes the urgent need for more knowledge about 
flow-duration curves for river sections of various sizes, for various 
climates, and for various watershed conditions. Today, accurate 
sediment-transport determinations are hampered more by a lack of 
necessary hydrologic data than by any other single factor. 

A P P R O A C H T O T H E P R O B L E M 

The term "bed-load function" has proved to be useful in the descrip-
tion of the sediment movement in stream channels. It is defined as 
follows: The bed-load function gives the rates at which flows of any 
magnitude in a given channel will transport the individual sediment 
sizes of which the channel bed is composed. 

This publication describes a method which may be used to deter-
mine the bed-load function for many but not all types of stream 
channels. It is based on a large amount of experimental evidence, 
on the existing theory of turbulent flow, and beyond the limits of 
existing theory, on reasonable speculation. First, the physical char-
acteristics of the sediment transportation process will be described. 
Next, sediment movement will be considered in the light of flume 
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experiments which allowed the determination of some universal con-
stants of the various transportation equations. Finally, the calcula-
tion of the bed-load function for a stream channel will be outlined to 
demonstrate the practical application of the method to determine 
rates of bed-load transportation. In its present state, the method 
appears to be basically correct. Although in various respects it is 
still incomplete, it appears to be useful for the solution of a considerable 
range of highly important problems. A special effort is made, 
however, to point out the unsolved phases of the problem. 

Some terms which recur frequently in this publication are defined 
as follows: 

Bed load: Bed particles moving in the bed layer. This motion 
occurs by rolling, sliding, and, sometimes, by jumping. 

Suspended load: Particles moving outside the bed layer. The 
weight of suspended particles is continuously supported by the fluid. 

Bed layer: A flow layer, 2 grain diameters thick, immediately 
above the bed. The thickness of the bed layer varies with the 
particle size. 

Bed material: The sediment mixture of which the moving bed is 
composed. 

Wash load: That part of the sediment load which consists of grain 
sizes finer than those of the bed. 

Bed-material load: That part of the sediment load which consists 
of grain sizes represented in the bed. ^ 

Bed-load function: The rates at which various discharges will trans-
port the different grain sizes of the bed material in a given channel. 

Bed-load equation: The general relationship between bed-load rate, 
flow condition, and composition of the bed material. 

L I M I T A T I O N O F T H E B E D - L O A D F U N C T I O N 

T H E U N D E T E R M I N E D F U N C T I O N 

Functions often become constant or even equal to zero under a wide 
range of conditions. That functions may not have any value in cer-
tain ranges of conditions is mathematically demonstrated wherever 
the solution of the equation which defines the function becomes imagi-
nary. But functions that become indeterminate under a wide range of 
conditions seem to be rather unusual. Unfortunately, the bed-load 
function has this character. 

In order to better understand this condition consider an example 
from the game of billiards. A player shoots the cue ball with the 
intention of hitting the red ball which is at rest. In what direction 
will the red ball move after the collision? Mathematically, the 
problem may be described in the following way: The independent 
variables are the angle a with which the cue ball rolls, and the original 
distance I between the two balls. The angle a, however, cannot be 
predicted with mathematical accuracy, but is endowed with an error. 
The actual value of a for any actual shot is defined by the angle <x0 
which the player intends to use and by a small but absolutely random 
uncertainty a! which is only statistically determined by the accuracy of 
the player. The angle y at which the red ball begins to move after 
the impact depends upon the direction of the common plane of tangency 
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for the two balls at the moment of collision. Assuming no friction 
between the balls with a diameter D, the angle 7 may be calculated 
in terms of a', for instance, for an intended head-on collision if a and 7 
are measured from the original common centroid of the balls by the 
equation: 

sin 7 _ I 
sin a! D 

As long as I is of the same order of magnitude as D, 7 will be of the 
same order as a! and it may be predicted with about the same ac-
curacy as a. As soon as I becomes large compared to Z>, however, sin 
7 will be rather large and 7 may not be predicted with any degree of 
accuracy. With I larger than a given limit ^ may even become 
larger than unity and the player may miss the ball completely. In 
this case the prediction of 7 from the intended average value a0 
becomes meaningless because the possible fluctuations are much larger 
than this value itself. We may thus conclude that beyond a certain 
distance I the player, characterized by an uncertainty a', has no 
chance at all of predicting 7 although he is able to do so with reasonable 
accuracy for small distances 

This example may show in a general way that physical problems 
exist which are determinate in part of the range of their parameters 
but are indeterminate in some other ranges. The transition between 
the two is usually gradual. The relationship between flow and sedi-
ment transport in a stream channel is basically of this character. 
The critical parameter deciding the significance of the function in a 
given flow is the grain diameter of the sediment. 

T H E A L L U V I A L S T R E A M 

To introduce in simplified form the general case of sediment move-
ment, assume a uniform, concrete-lined channel through which a 
constant discharge flows uniformly. Sediment is added to the flow 
at the channel entrance. Experience shows that sediment up to a 
certain particle size may be fed into such a flow at any rate up to a 
certain limit without causing any deposits in the channel. For all 
rates up to this limit, the channel is swept clean. An observer who 
examines the channel after the flow has passed can state only that 
the rate of sediment flow must have been below this limiting rate; 
that is, below the "sediment transporting capacity" of the concrete 
channel. The sediment has not left any trace in the channel. Its 
rate of transport need not be related in any way to the flow rate. 
This kind of sediment load has been called "wash load" because it is 
just washed through the channel. 

If the rate of sediment supply is larger than the capacity of the 
channel to move it, the surplus sediment drops out and begins to cover 
the channel bottom. More and more sediment is dropped if the supply 
continues to exceed the capacity until the channel profile is sufficiently 
changed to reach an equilibrium whereby at every section the transport 
is just reduced to the capacity value. Now, an observer is able to 
predict that during the flow, sediment was transported at each section 
at a rate equal to the capacity load; because if it had been more the 
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surplus would have settled out, and had it been less, the difference 
would have been scoured from the available deposit. Such a river 
section which possesses a sediment bed composed of the same type of 
sediment as that moving in the stream is called an "alluvial 
reach" (18).3 It is the main purpose of this paper to show how the 
capacity load in such an alluvial reach may be calculated. 

T H E S E D I M E N T M I X T U R E 

This problem is highly complicated by the fact that the sediment 
entering any natural river reach is never uniform in size, shape, and 
specific gravity but represents always a rather complex mixture of 
different grain types. It has been found experimentally that the shape 
of the different sediment particles with few exceptions is much less 
important than the particle size. The specific gravity of the bulk of 
most sediments is also constant within narrow limits. It is, therefore, 
generally possible to describe the heterogeneity of the sediment mix-
ture in a natural stream by its size analysis, at least when the mixture 
consists of particles predominantly in the sand sizes and coarser. As 
the derivations which follow do not introduce any molecular forces 
between sediment particles, they are automatically restricted to the 
larger particles, in general to those coarser than a 250-mesh sieve 
(Tyler scale) or 0.061 millimeters in diameter. This restriction does 
not seem to be serious, however, as most alluvial stream beds in the 
sense of the above definition do not contain an appreciable percentage 
of particles below 0.061 millimeters in diameter. 

Consider now how it may be necessary to modify the previous 
definition of the alluvial reach, of the sediment capacity, and of the 
bed-load function in view of the fact that all natural sediment supplies 
are very heterogeneous mixtures. Again, begin with the assumption 
of a flow in a concrete channel. Assume a sediment supply at the^ 
upper end of the channel, consisting of all different sizes from a maj?d-̂  
mum size down through the silt and clay range. If the maximum 
grain is not too large to be moved by the flow, the channel will again 
stay clear at low rates of sediment supply. But an increase pf the 
supply rate will eventually cause sediment deposition. / 

Under most conditions only the coarse sizes of sediment will be 
deposited. It is true that a small percentage of the fineTsediments 
may be found between the larger particles when the flow is past, but 
this amount is generally so small that one is tempted t6 conclude that 
these small particles are caught accidentally between the larger ones 
rather than primarily deposited by the flow itself. This is also sug-
gested by the fact that the volume of entire depdsit does not change 
if the fine particles are eliminated from it: th&y merely occupy the 
voids between the larger grains. / 

A direct proof of the insignificance of these fine particles in the 
deposit can be found experimentally. The rate of deposit of the coarse 
particles is a distinct function of the rate of supply. If more coarse 
sediment is supplied at the same flow, all this additional supply is 
settled out, leaving constant the rate which the flow transports through 
the channel. If only the rate of the fine particles is increased, how-
ever, the rate of deposit of these particles is not influenced at all. 

* Italic numbers in parentheses refer to Literature Cited, p. 68. 
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This basically different behavior of the fine and the coarse particles 
in the same channel has led the author and collaborators (5) to assume 
that the fine particles in the flow still behave like material called "wash 
load" in the concrete channel, whereas the coarse particles act like the 
sediment in a strictly alluvial channel. These investigators give the 
limiting grain size between wash load and alluvial or bed load in terms 
of the composition of the sediment deposit in the bed. They state 
that all particle sizes that are not significantly represented in the 
deposit must be considered as wash load. More specifically, the 
limiting size may be arbitrarily chosen from the mechanical analysis 
of the deposit as that grain diameter of which 10 percent of the bed 
mixture is finer. This rule seems to be rather generally applicable as 
long as low-water and dead-water deposits are excluded from the bed 
sediment. 

Needless to say, the assumption of a sharp limit between bed load 
and wash load must be understood as a convenient simplification of a 
basically complex gradual transition. Virtually nothing is known 
about this transition today. This fact becomes apparent when the 
question is asked: what bed composition can be expected to result from 
a known sediment load in a known flow? No positive answer can be 
given to this question today. 

Another factor influencing the bed-load function is the shape of the 
channel cross section. If this section is not influenced either struc-
turally or by vegetation it is only a function of the sediment and of the 
flow. We have today no clear concept of how to analyze these rela-
tionships rationally even though we seem to have some workable rules 
for expressing the influence of the shape of the known cross section on 
the rate of transport. 

After this general discussion it becomes possible to define the pur-
pose of this publication more specifically as the description of a method 
by which the capacity of a known alluvial channel to transport the 
different grain sizes of its alluvial bed at various flows may be 
determined. 

HYDRAULICS OF THE ALLUVIAL CHANNEL 

From the definition of the alluvial reach it was concluded that the 
transport of bed sediment in such a reach always equals its capacity 
to transport such sediment. It is easy to conclude from this that the 
flow is uniform or at least nearly so. The open-channel hydraulics of 
nonuniform flow or the calculation of backwater curves is not par-
ticularly important in this connection. Where such calculations are 
necessary for channels that are very actively aggrading or degrading, 
they are based on the use of the Bernoulli Equation as it is applied to 
channels with solid beds. 

T H E F R I C T I O N F O R M U L A 

The hydraulics of uniform flow include basically the description of 
the velocity distributions and of the frictional loss for turbulent flow. 
The writer has found that in describing sediment transport the velocity 
distribution in open-channel flow over a sediment bed is best described 
by the logarithmic formulas based on v. Karman's similarity theorem 
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with the constants as proposed by Keulegan (11). He gives the 
vertical velocity distribution as: 

— = 5 . 5 0 + 5 75 logio ^ = 5 . 7 5 log10 (V<)5 (1) 
% v \ v J 

for smooth boundaries and: 

^ = 8 . 5 0 + 5 . 7 5 logio (y/ks)=5.75 log10(30.2 y/ks) (2) 

for hydraulically rough boundaries. The transition between the two, 
including the rough and smooth conditions, may all be combined in 
the form: 

^=5.75 log10 (30.2 | ^ ) = 5 . 7 5 log10 ^30.2 (3) 

whereby x is given in figure 1 as a function of Jcs/5. 
Herein are: 

uy the average point velocity at distance y from the bed 
VToht^-y/SeRg the sheer velocity (4) 

st the density of the water 
Se the slope of the energy grade line 
R the hydraulic radius 
g the acceleration due to gravity 
y the distance from the bed 
v the kinematic viscosity of the water 
ks the roughness of the bed 
x a corrective parameter 
A= kslx the apparent roughness of the surface 
8 the thickness of the laminar sublayer of a smooth wall: 

- H ? <5> 
T H E F R I C T I O N F A C T O R 

Next, a definition must be given for the roughness, ks, in the case 
of a sediment surface. For uniform sediment, ks equals the grain 
diameter as determined by sieving. Comparative flume experiments 
have shown that the representative grain diameter of a sediment 
mixture is given by that sieve size of which 65 percent of the mixture 
(by weight) is finer. 

A sediment bed in motion usually does not remain flat and regular 
but shows riffles or bars of various shapes and sizes. These irregu-
larities have some effect on the roughness of the bed. Both flume 
measurements (6) and river observations (7) have shown that this 
effect is rather considerable and cannot be neglected. An analysis of 
a large number of stream-gaging data in various rivers (7) has led to 
the following interpretation. 
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The writer (8) has described a method by which the influence of 
side-wail friction on the results of bed-load experiments may be esti-
mated. The assumption was made that the cross-sectionai area may 
be distributed among the various fractional boundaries in such a 
fashion that each unit will satisfy the same friction formula with the 
same coefficients that would apply if the entire cross section had the 
same characteristics. A similar approach can be used to describe the 
friction along an irregular sediment bed. It is assumed that on such 
a bed friction develops in two distinctly different ways: (1) along the 
sediment grains of the surface as a rough wall with the representative 
grain diameter equal to ks; and, in addition, (2) by separation of the 
flow from the surface at characteristic points of the ripples or bars. 
This separation causes wakes to develop on the lee side of the bars, 
characterized by rollers or permanent eddies of basically stagnant 
water such as those observed behind most submerged bodies of suffi-
cient size. This flow pattern causes a pressure difference to develop 
between the front and rear sides of each bar so that part of the flow 
resistance is transmitted to the wall by this shape resistance, i. e. by 
normal pressures. 

Again we may be justified in dividing the cross-sectional area into 
two parts. One will contribute the shear which is transmitted to the 
boundary along the roughness of the grainy sand surface. The other 
part will contribute the shear transmitted to the wall in the form of 
normal pressures at the different sides of the bars. These may be 
designated Af and A" respectively. Both types of shear action are 
more or less evenly distributed over the entire bed surface and act, 
therefore, along the same perimeter. Two hydraulic radii may be 
defined as R'=A'lph and R"=A"!<pb where naturally 
the total hydraulic radius of the bed. 

This entire procedure of division may appear to be rather artificial 
since both actions occur along the same perimeter. The significance 
of this division becomes apparent, however, when one recalls that the 
transmission of shear to the boundary is accompanied by a transfor-
mation of flow energy into energy of turbulence. This energy trans-
formation caused by the rough wall occurs at the grains themselves. 
This newly created turbulence stays at least for a short time in the 
immediate vicinity of the grains and, as will be shown later, has a 
great effect on the bed-load motion. The part of the energy which 
corresponds to the shape resistance is transformed into turbulence at 
the interface between wake and free stream flow, or at a considerable 
distance away from the grains. This energy does not contribute to 
the bed-load motion of the particles, therefore, and may be largely 
neglected in the entire sediment picture. This may explain why the 
division of the shear into the two parts and u" is of first importance. 
We define: 

R E S I S T A N C E O F T H E B A R S 

(20) 

893379°—51 2 
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From this it is understandable that the velocity distribution near a 
sediment grain in the bed surface is described by equations 1 to 3 
whereby u„ assumes the value of The average velocity in the 
vertical may be determined according to Keulegan as: 

J = 3 . 2 5 + 5.75 log.o ( ^ ) = 5 . 7 5 logI0 (3.67 (7) 

for a hydraulically smooth bed, and: 

r=6.25 + 5.75 log 1 0 ( j£ )=5 .75 log10(l2.27 (8) u_ 
u' 

for a hydraulically rough bed. Again, the entire transition between 
the two cases inclusive of the extremes may be expressed by: 

u 
u, 7 =5 .75 logic ( l2 .27 ^ ) = 5 . 7 5 log10 ( l2 .27 (9) 

Where x is the same function of ks/8' as given in figure 4 (in pocket, 
inside back cover), and 

(10) 

A corresponding expression uju'l may be calculated, and this 
expression must be expected to be a function of the ripple or bar pat-
tern, basically corresponding to equation (9). The ripples and bars 
change considerably and consistently with different rates of sediment 
motion on the bed. We will see later that the sediment motion is a 
function of a flow function of the type: 

( i i > 

wherein ss and sf are the densities of the solids and of the fluid, 
respectively, D35 the sieve size in the bed material of which 35 percent 
are finer, and R' and Se are as defined previously. The expression 
u!u'£ may thus be expected to be a function of . It was found that 
such a relationship actually exists for natural, laterally unrestricted 
stream channels as given in figure 5 (in pocket, inside back cover). 
Any additional friction, such as from banks, vegetation, or other 
obstructions must, naturally, be considered separately. 

T H E L A M I N A R S U B L A Y E R 

The presence of a laminar sublayer along a smooth boundary has 
already been mentioned. The thickness 8 of this layer has been given 
as: 

w 
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in which v is the kinematic viscosity and u* the shear velocity along 
the boundary. 

Within the laminar sublayer the velocity increases proportionally 
to the distance from the wall: 

Uy=y-u% 
(12) 

and at the edge of the layer where the velocity is: 

ua=11.6u# (13) 

From this point on out, the velocity follows the turbulent velocity dis-
tribution of equation (1) which has the same value as equation (13) 
at y=d as is shown in equation (14): 

U s = [5.50+5.75 log10 (11.6)] ^ = 1 1 . 6 u. (14) 

The entire distribution is shown in figure 3. For an explanation of 
this distribution the reader is referred to any standard textbook of 

u y = u * 5 . 7 5 l o g ( 3 0 . 2 t ) -

F I G U R E 3.—Assumed velocity distribution near the laminar sublayer along a 
hydraulically smooth wall. 
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fluid dynamics where the viscous forces are shown to be strong enough 
in the laminar layer to prevent the occurrence of turbulence, whereas 
outside of the layer 5 the turbulent action is so strong that viscosity 
effects m a y be neglected. The transition between the two phases is 
naturally gradual and not as abrupt as shown in figure 3, but since 
nothing is known about the character of this transition the sudden 
change from one regime to the other may be used. 

T H E T R A N S I T I O N B E T W E E N H Y D R A U L I C A L L Y R O U G H A N D S M O O T H B E D S 

Along a rough wall the distribution of velocities is basically different. 
Einstein and El-Samni (8) have shown experimentally that the theo-
retical boundary from which the distance y of equation (3) must be 
measured lies 0.2ks below the plane which connects the most prominent 
points of the roughness protrusions. The roughness ks is thereby 
given by the grain diameter of which about 65 percent by weight of a 
sediment mixture is finer. It is generally known, and may be seen 
from figure 4, that the wall acts hydraulically rough if ks/d^>5. The 
laminar sublayer as calculated for a smooth wall has, then, a thickness 
of 5<&s/5. With the roughness protrusions 0.2ks high, this laminar 
sublayer would be strongly dissected by the protrusions if it existed 
at all. In reality it does not seem to exist in these flows because the 
shear is transmitted to the boundary differently. In order to under-
stand this mechanism one must interpret the boundary as a sequence 
of bodies submerged in the fluid. For sufficiently large Reynolds 
numbers (ks/8) of the flow around the individual grains, separation of 
the flow will occur and a low-pressure wake of still water develops on 
the downstream side of the grains. The resultant of the normal pres-
sures has a significant component in the direction of the flow which 
very soon (with increasing kjd) becomes so large that all viscous shear 
can be neglected. This is the reason why friction formulas for flow 
along hydraulically rough walls (&s/5>5) do not contain the Reynolds 
number in any form. 

The local velocity distribution at the rough wall follows according 
to El-Samni's measurements, equation (3), as close as 0.1 ks from the 
theoretical wall; i. e. even between the roughness protrusions. No 
measurements closer to the wall exist, but the assumption that the 
turbulent velocity distribution exists all the way down to zero velocity 
seems to be as valid as any other. This point is at a distance yQ from 
the wall which may be determined from equation (3), such as: 

to be: 

Vo~30.2x (16) 

which becomes: 
(17) 

for hydraulically rough walls. 
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T H E V E L O C I T Y F L U C T U A T I O N S 

All velocities introduced so far are time averages. The different 
types of sediment motion cannot be described by these time averages 
only. Movement in both suspension and along the bed can be ex-
plained only if turbulence is introduced. Turbulence is an entirely 
random velocity fluctuation which is superimposed over the average 
flow and which can be described today only statistically. 

The turbulence velocity at any point of the flow has the following 
qualities: (1) It usually has three finite components, each of which has 
a zero time average. (2) The velocity fluctuations are random and 
follow in general the normal error law. Its intensity may be measured 
by the standard deviation of the instantaneous value. (3) Wherever 
shear is transmitted by the fluid, a certain correlation exists between 
the instantaneous velocity components in direction of the shear and 
in the direction in which the shear is transmitted. (4) As shown in 
recent measurements by Einstein and El-Samni (&), in the immediate 
proximity of a rough wall the statistical distribution of velocity inten-
sities must be skewed since the pressure variations are following the 
normal error law there. 

The characteristics indicated in the four previous statements may 
need some explanation. The first statement is the easiest to under-
stand. One may visualize turbulence as a complicated pattern of 
long eddies similar to the twisters and cyclones in the air, but smaller, 
more twisted and intricately interwoven so that they flow in many 
different directions. If water moves past a reference point with an 
average velocity, the eddy velocities assume all directions according 
to the various directions of the eddy axes. The only exception to 
this rule of three-dimensionality are the points very close to a solid 
boundary. There the velocities in direction normal to the boundary 
for obvious reasons are smaller than the two others. 

In statement 2 the expression "random" needs some explanation. 
If the intensity of the velocity component in one direction is recorded, 
the resulting curve resembles the surface of a very choppy sea. One 
may conceive of a periodic pattern like the waves. If one tries, how-
ever, to find the amplitude and wave length of this curve it is apparent 
that both characteristics change constantly in an absolutely irregular 
pattern. It can only be concluded that the curve is continuous, that 
no discontinuities exist in the velocity itself. The standard deviations 
of the velocity components have been measured, mainly in wind 
tunnels, by the use of hot-wire anemometers, where the standard 
deviation values may be determined directly. To the writer's knowl-
edge, no measurements have been made sufficiently close to the wall 
to show the deviations mentioned in statement 4. 

Statement 3 is the basis of the so-called "exchange-theory" of 
turbulence which is today the most important tool for the study of 
quantitative effects of turbulence. Let us assume that a shear stress 
exists in the flow under consideration and that correspondingly a 
velocity gradient exists in the same direction. If, for instance, this 
shear is the consequence of the bed friction in a flow channel, the 
average velocities are essentially horizontal, but increase in magnitude 
with increasing distance from the bed. This increase is the velocity 
gradient previously mentioned. If an exchange of fluid masses is 
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visualized in this flow between two horizontal layers of different 
elevation, this exchange may be described by the flow velocities at a 
horizontal plane between the two. In this plane the amount of flow 
going up will equal the amount going down for reasons of continuity. 

All water particles going up have a positive instantaneous vertical 
velocity whereas the velocity in the downward direction is termed 
negative. All these fluid masses which move vertically through the 
horizontal plane have a horizontal velocity at the same time. Let us 
call the horizontal velocity fluctuation positive if the velocity is higher 
than the average at that elevation, negative if it is lower. The 
important point is that all water particles moving down through the 
plane from above originate from a region of higher average horizontal 
velocity. There exists a tendency, therefore, for the horizontal 
velocity fluctuation to be positive whenever the vertical velocity is 
negative. Similarly, the tendency is for the horizontal velocity 
fluctuation to be negative when the vertical component is positive. 
The correlation coefficient, which is the integral of the product of the 
two instantaneous velocities over a given time divided by the product 
of the standard deviation of the two, thus has a tendency to be negative. 
Its value gives a measure of the vertical movement of hoiizontal 
momentum through the plane, which represents a shear stress. 

This exchange motion transports not only mass and momentum 
through the reference plane, but also heat and dissolved and sus-
pended matter, as explained under "Suspension.'' 

Statement 4, pertaining to the statistical distribution of static pres-
sure near the bed, is based on empirical findings, the significance of 
which is so far neither fully understood by itself nor in connection 
with the creation of turbulence in the boundary region. In this study 
the result has been used to great advantage, however, despite the lack 
of a full understanding of its general significance. 

S U S P E N S I O N 

The finer particles of the sediment load of streams move predom-
inantly as suspended load. Suspension as a mode of transport is 
opposite to what Bagnold called "surface creep" and to what he 
defines as the heavy concentration of motion immediately at the 
bed. In popular parlance this has been called bed load, although as 
defined in this publication bed load includes only those grain sizes of 
the surface creep which occur in significant amounts in the bed. 

The characteristic definition of a suspended solid particle is that 
its weight is supported by the surrounding fluid during its entire 
motion. While being moved by the fluid, the solid particle, which is 
heavier than the fluid, tends to settle in the surrounding fluid. If the 
fluid flow has only horizontal velocities, it is impossible to explain 
how any sediment particle can be permanently suspended. Only if 
the irregular motion of the fluid particles, called turbulence, is intro-
duced can one show that sediment may be permanently suspended. 

The effect of the turbulence velocities on the main flow was de-
scribed in the discussion on hydraulics by reference to the fluid ex-
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change. This same concept is used to describe suspension. Since the 
vertical settling of particles is counteracted by the flow, the vertical 
component of turbulence as described by the vertical fluid exchange is 
effective. Assume a turbulent open-channel flow. The section may be 
wide, the slope small. Consider a vertical sufficiently far from the 
banks to have two-dimensional flow conditions. On this vertical 
choose a horizontal reference section of unit area at a distance y 
from the bed. While the mean direction of flow is parallel to this 
area, the vertical velocity fluctuations cause fluid to move up and 
down through the section. Statistically, the same amount of fluid 
must flow through the area in both directions. To simplify the pic-
ture, assume an upward flow of velocity (0) in half the area and a 
downward flow of the same velocity (—v) in the other half. The 
exchange discharge through the unit area is If the exchange 

Zi 
takes place over an average distance of le at elevation y it can be 
assumed that the downward-moving fluid originates, as an average, 
from an elevation + w h i l e the upward-moving fluid originates 

from^?/ — ̂ lej- The important assumption is made that the fluid 
preserves during its exchange the qualities of the fluid at the point of 
origin. Only after completion of the exchange travel over the dis-
tance le will it mix with the surrounding fluid. From this it is possible 
to calculate the transport of a given size of suspended particles with 
a known settling velocity v8, if the concentration of these particles at 
y is cv. The upward motion of particles per unit area and per unit 
time is: 

and the rate of downward motion is: 

The net upward motion is therefore: 

1 , 1 
2 C ' 

Neglecting all higher terms, the concentrations may be expressed as: 

1 , dc„ 
C(«-lle)~°v 2ledy 

-r + 1 / i£s 
(20) 
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Introducing these expressions (20) in equation (19) the net upward 
motion is: * 

k L a?){v - ji){v+ 
1 j dCy 

~~CvVs~~2VLed^y 
Most interesting is the equilibrium status at which there exists no 
net flow in either direction: 

C » v ° + l v l ° j y = 0 ( 2 1 ) 

In equation (21) both v and le are unknown. It is customary to 
assume that these two values are equal to the corresponding values 
in a similar equation for the exchange of momentum through the same 
area. Assuming that the shear due to viscosity may be neglected 
compared with that due to momentum transport, the depth d may be 
introduced: 

d-y_ 1 r , - r o ^ -

1 [Y 1 7 du\ ( , 1 7 du\1 

1 7 du 
= = — 2 VStl°dj 

From this we calculate: 

l v i - To d~V 1 - U* d-V 1 (oo\ 
2 Vie st d du/dy~~ U* d du/dy {ZZ) 

Using equation (3) for the velocity distribution we may calculate 
du/dy: 

duy_ 5.75 ug 
dy " 2 . 3 0 3 ~y 

Introducing this value into equation (22): 

(23) 

(24) 

This value may be used in equation (21): 

(25) 
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Separating the variables: 

dcv= vs d dy ( 

cv OAOu* y id-y) 

and introducing the abbreviation: 

vs 
0 . 4 0 ^ (27) 

we can integrate this equation from a to y 

P Pd(loge<V)=loge (<v)-log.(c8)=log, (Sr) (28) J a Cy J a \ya/ 

This may be rewritten in the form: 

Cj!=/d-yaV 
ca \ y d—aj 

and may be used to calculate the concentration of a given grain 
size with the settling velocity vs at the distance y from the bed, if the 
concentration ca of the same particles at distance a is known. 

T H E T R A N S P O R T A T I O N R A T E O F S U S P E N D E D L O A D 

This entire derivation is based in part on the assumption that the 
instantaneous velocity of any suspended particle is that of the sur-
rounding water plus its own settling velocity in this fluid, the two 
velocities being added vectorially. This makes the horizontal velocity 
component of the particle equal to that of the surrounding water. 
This allows us to calculate the flow rate of sediment particles at 
elevation y per unit area and time: cvuy. In order to see how this 
rate changes over the vertical we may assume uy to be about constant 
as the logarithm changes very slowly compared to the power function 
of 

cy, which equals zero at y—d and becomes infinite at y=o. An 
infinite concentration is an impossibility. None of the distributions 
can, therefore, follow equation (29) down to the bed, but there is no 
reason why they should not do so up to the surface. If the transport 
by suspension is integrated over the vertical it is very reasonable to 
begin the integration at the water surfa.ce and to integrate down to 
the depth y. We will see later how far down the suspension actually 
determines the transport. 

INTEGRATION OF THE SUSPENDED LOAD 

The integral of suspended load moving through the unit width of a 
cross section may be obtained by combining equations (29) and (3). 

£d CyUydy=£ ca 5.75% log10 (30.2y/A)dy (30) 
893379°—51 3 
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This long expression may be slightly shortened by taking some of the 
constant factors out of the integral, and it may be simplified by 
referring the concentration to that at the lower limit of integration a. 
By replacing a by its dimensionless value A—ajd, and using d as the 
unit for y, we obtain 

f cvuydy= f dcvuvdy 
J a J a 

r iogi°ydy] (3i) 

In order to reduce the two integrals in equation (31) into a basic 
form, the log y is changed from base 10 to base e of the natural log-
arithms using the relationship 

logio 0/)=loge (V) logic (e) (32) 

As logio (0) has the value of 0.43429 we may write equation (31) in the 
form 

q$=5.75 u*d ca ( j ^ ) |logio 

with 

z- 0.40 u* 
y measured with d as unit 
A=a/d_ 

Herein are: 
qs the sediment load in suspension per unit of width, measured 

in weight, moving per unit of time between the water surface 
and the reference level y—a 

u* the shear velocity 
ca the reference concentration at the level y=a. (ca is measured 

in weight per unit volume of mixture). 
A the dimensionless distance of this lower limit of integration 

from the bed. A=% 
a 
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z defined in equation (27) as the settling velocity vs of the 
particles divided by the Karman constant 0.40 and the 
shear velocity u* 

y the variable of integration, the dimensionless distance of any 
point in the vertical from the bed, measured in water 
depths d. 

N U M E R I C A L I N T E G R A T I O N O F S U S P E N D E D L O A D 

Equations (33) and (34) are true to dimensions. Any consistent 
system of units will, therefore, give correct results. The two integrals 
in equation (33) cannot be integrated in closed form for most values of 
2. The numerical integration of the two integrals for a number of 
values of A and z was thus the only possible solution of the problem. 
After a survey of the available methods of approach it was decided 
to use the Simpson formula, integrating the two expressions in steps, 
whereby each series of integrations for a constant z value would pro-
duce an entire curve of integral values in function of A. Each such 
integration was started from y=l and proceeded toward smaller 
values of y. Table 1 gives a sample sheet for such a calculation. The 
values are calculated there for 2 = 0 . 6 and for l > t / > 0 . 1 . By this 
same method the entire range l > y > 1 0 " 5 was covered for the values 
2=0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.5, and 2.0. In addition, z=1.0 was 
integrated in closed form, as were some values for 2=0 , 1.5, 2.0, 3.0, 
4.0, and 5.0. Values of 2 above 5.0, were considered unimportant for 
the problem in question, because only particles with very high settling 
velocities would have 2>5.0, and these particles move almost ex-
clusively as surface creep. 

The calculations were then spot-checked by means of a method 
based on the development of the functions into binomial and poly-
nomial series, with the original calculation carried through to 5 signi-
ficant figures. It was found that the derived integral values were 
always correct to within at least 0.1 percent; i. e. to slide-rule ac-
curacy. Most of the values given in table 2 are more accurate than 
can be obtained on a slide rule. 

Table 2 gives a list of all the values for the two integrals, Jx and J2 
calculated by means of the Simpson formula. 

Table 3 gives in addition the comparison of some values as calculated 
by the Simpson rule with those determined by closed integration for 
the exponent Z=1.0. The other integrations checked in similar 
fashion with the largest deviation near A= 1. for small values of 2. 

Table 4 gives the integrals as solved in closed form for exponents 
Z=0, 3.0, 4.0, and 5.0. 

For practical use one needs many more values for the integrals than 
those calculated so far, even if the values of tables 2 and 4 cover the 
entire range of practically important A and z values. The full 
coverage of the entire field is accomplished more easily by graphic 
interpolation than by calculating additional integral values. For 
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